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EXTENSIONS OF LINEAR TRANSFORMATIONS 
IN HILBERT SPACE WHICH EXTEND BEYOND 

THIS SPACE 


Dedicated to Frigyes Riesz 
on the occasion of his seventy-fifth birthday 

January 22, 1955 


1. Introduction 

The essential structure of normal, in particular of self-adjoint and unitary, 
transformations in Hilbert space is known, thanks to the spectral decomposition 
theorem for these transformations. Much less is known about the structure of 
non-normal transformations because of the lack of a satisfactory generalization 
to Hilbert space of either the Jordan canonical form for finite matrices or of 
the theory of elementary divisors. This is why it is important to find relations 
between normal and non-normal transformations, which will enable one to 
reduce certain problems dealing with general linear transformations to the more 
workable particular case of normal transformations. 

The simplest relations of this type are 


i 


/I -1- ID, 


where the bounded linear transformation Tin the Hilbert space § is represented 
by the two self-adjoint transformations 


and 


T -- Re T 


1 

2 


{T\r), B IniT 


T- VR 


1 


2/ 


( 7 - r), 


where the bounded linear transformation Tin the Hilbert space § is represented 
by the positive self-adjoint transformation 

I 

R = {rTy 

ch™ isometric transformation (which, in certain cases, can be 

form i m of fh ^ '''' ^ ^ one-to-one trans- 

space § onto itself).' The applicability of these relations is 

^ See Sec. 1 10. 
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restricted by the fact that neither A and B nor V and R are in general permutable, 

and there is no simple relation among the corresponding representations of the 
Iterated transformations T, T^, . . . . 

In the sequel, we shall deal with other relations which are connected with 
extensions of a given transformation. But, contrary to what we usually do, we 
shall also allow extensions which extend beyond the given space. 

So, by an extension of a linear transformation T of Hilbert space §, we 

shall understand a linear transformation Tina Hilbert space H which contains 

$ as a (not necessarily proper) subspace, such that t)r i Dr and Tf^ Tfhr 

y^Dr- We shall retain the notation T^T which we used for ordinary exten- 
sions (where H = §). 

The orthogonal projection of the “extension” space H onto its subspace 
§ will be denoted by or simply by P. 

Among the extensions of a bounded linear transformation T in § (with 

D/ — §) we shall consider in particular those which are of the form PS where S 

is a bounded linear transformation of an extension space H. We express this 
relation 

T^PS 

by saying that T is the projection of the transformation S onto in symbols 

(1) 7’ = pry, 5orsimply r = prS. 

It is obvious that the relations T, = pr5,(/ = 1, 2) imply the relation 

( 2 ) ajTi QoT-i — pr(fli>Sj -|- 0282) 

(of course, 5, and ^2 are transformations in the same extension space H). Re- 
lation (1) also implies that 

(3) r*-pr5*.3 

Finally, the uniform, strong, or weak convergence of a sequence {5„} implies 
convergence of the same type for the sequence {F,,} where F„ = pr5„.^ 

If H and H' are two extension spaces of the same space §, 5 and S' are 
bounded linear transformations of H and H' respectively, then we shall say that 
the “structures” {H, S, §} and (H', S', are isomorphic if H can be mapped 
isometrically onto H' in such a way that the elements of the common subspace 
§ are left invariant and that / ^ f implies S/ ^ S'f. 

and are two l^amilies of bounded linear transforma- 

tions in H and H' respectively, we define the isomorphism of the “structures” 


^ The terminology ‘T is the ‘compression’ of S in §, and S is the ‘dilation’ of 
T to H” was proposed by Halmos [1], 

® In fact, we have 

{lT*g) {Tf.g) (PSPf.g) (f.PS'Pg) if.PS’g) 

for fge^. 

^ In fact, we have ||F„ - 7’„,|| ^|| S„ - SJ, \XT„ - T„,)f\\ ^ |'(S„ - SJ/|| for 
fe $, and ( (F„ - T„,)f,g) = ( (S„ - SJf,g) for /,g e 
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and {H',5^, in the same manner by requiring that f 
imply SJ'^Sif for all weQ. 

It is obvious that, from the point of view of extensions of transformations 
in § which extend beyond two extensions which give rise to two isomorphic 
“structures” can be considered as identical. 

In the sequel, when speaking of Hilbert spaces we shall mean both real and 
complex spaces. If we wish to distinguish between real and complex spaces, 
we shall say so explicitly. Of course, an extension space H of § is always of the 
same type (real or complex) as 


2. Generalized Spectral Families. Neumark’S Theorem 

Extensions which extend beyond the given space were first investigated by 

M. A. Neumark [3, 4]; he investigated self-adjoint extensions of symmetric 

transformations in particular. If 5 is a symmetric transformation in the complex 

Hilbert space § (with dense in §), we know that S cannot be extended to a 

self-adjoint transformation without extending beyond § except when the 

deficiency indices m and n of 5" are equal. On the other hand, there always exist 

self-adjoint extensions of S if one allows these extensions to extend beyond the 
space S. 

This is easily proved: Choose, in a Hilbert space a symmetric trans- 
tormation S whose deficiency indices are n and m, that is equal to the deficiency 
indices of S, but in the reverse order. One can take for example = §and 
~ Having done this, we consider the product space H = § x S' whose 

elements are pairs {/,/'} (yeS,/'G§') and in which the vector operations and 

metric are defined as follows: 




If we identify the element /in § with the element {/,0} in H we embed 
as a subspa'’e of the latter. The transformation 


§ in H 


S!/,/'! = (5/,57'} 


(/^ , r ^ 


IS then, as can easily be seen, a symmetric transformation in H having deficiencv 

bevoTd H to"; ",r ^ Withouf exteS 

beyond H, to a self-adjoint transformation A in H. Since we have ^ 


(where the first extension is obtained by extension from § to H), we obtain 
self-adjoint extension ^ of 5. ^ uoiain 

Let 


a 
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be the spectral decomposition of A. We have the relations 


X 


(Sf, g) = (Af, Pg) 


I d (Exf, Pg) 


for feT)s, Setting 

( 4 ) 


d{PExf,g), 


- X 


X 


d{E,f, f) 


/r d{PE,f,f) 


- X 


- X 


5; = pr E>. 


we obtain a family {- 6 ^} -oo</i.'oo of bounded self-adjoint transformations in 
the space §, which have the following properties; 

a) A<ii; 

t 0 ~ 

c) -> 0 as A — oo ; -^ / as A -> + oo. 

Every one-parameter family of bounded self-adjoint transformations which 
have these properties will be called a generalized spectra! family. If this family 
consists of projections (which are then, as a consquence of a), mutually permut- 
able), then we have an ordinary spectral family. 

According to what we just proved, we can assign to each symmetric trans- 
formation 5 in 5 a generalized spectral family {B^} in such a way that the 
equations 


X 


X 


( 5 ) 


(Sf, g) 


UiB,f,g), II5/II-’ 


d{B; f,f) 


<x 


are satisfied for feT)s, (where the integral in the second equation can 
also converge for certain / which do not belong to 1 ) 5 ). 

The question arises : Can every generalized spectral family which belongs to 
S, that is, which satisfies equations (5), be obtained as the projection of the 
spectral family of a self-adjoint extension A of SI The answer is in the affirma- 
tive. Namely, we have the following theorem. 

THEOREM I (Neumark [4. 5]). Every generalized spectra! family {5.,} 
can be represented in the form ( 4 ), as the projection of an ordinary spectra! family 
{E^}. One can even require the extension space H to be minimal in the sense 
that it be spanned by the elements of the form EJ' where /'e — 00 < A < 00 ; in 
this case, the structure is determined to within an isomor- 

phism. 

We shall prove this theorem in Sec. 7 as a corollary to the “principal 
theorem” (Sec. 6). 

We observe that if H is minimal, every interval of constancy of Bj, is also an 
interval of constancy for E^. In fact, if a ^ A < b is an interval of constancy of 
we have 

||Ex — Ea)Eiif\f = j|(Eniin {X, E^in {o, ij})f il' ” ((Emin {X. /i} Emin {o, u))f} f) 

= (P(En\\n {X, fi} Emin {a, ji })f, f) ~ ((Emin {X, } Emin (o, fi })f, f)~ 0 
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for/e§, a^X<b, and ij. an arbitrary real number; hence 

(E,—Ea)g=0 

for every element g of the form E^f (fe §). Since these elements g span the 

space H, we have = O, E, = which completes the proof of the 

theorem. 

The simplest case of the Neumark theorem occurs when the family is 

generated by a self-adjoint transformation A such that O^A< I, in the fol- 
lowing manner: 

5, = O for A < o, B,-=Afor a^X<b, B, = I for A ^ b. 

We thus obtain the following corollary. 

COROLLARY. Every self-adjoint transformation A in the Hilbert space 
§, such that O fj:A^I, can be represented in the form 


A = pr (? 


where Q is a projection in an extension space H. In brief: A is the projection of a 
projection. 

This corollary can also be proved directly without recourse to the general 
Neumark theorem. The following construction is due to E. A. Michael.® 

Consider the product space H = § x § ; by identifying the element / in 
5 with the element {/, 0 } in H, we embed § in H as a subspace of the latter. If 

we write the elements H as one-column matrices j, then every bounded lin- 
ear transformation Tin H can be represented in the form of a matrix 



whose elements are bounded linear transformations in §. It is easily verified 

that the rnatrix addition and multiplication of the corresponding matrices 

correspond to the addition and multiplication of transformations. Moreover 
relation (6) implies that ’ 


Finally, we have 



if and only if 


T=pr T 
Tn = T. 


This done, we consider the transformation 


^ = I ^ ^ I with B 


{Ail-A)]^ 


® See Halmos [!]• 
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It is clear that Q is self-adjoint and that A —prQ. It remains only to show that 

= Q, which is easily done by calculating the square of the matrix Q. 

The following theorem is another, less special, consequence of the Neumark 
theorem. 

THEOREM. Every finite or infinite sequence {An} of bounded self-adjoint 
transformations in the Hilbert space § such that 

A„^0, 

can be represented in the form 

A. = ^rQ„ {n^\,2,..), 

where {(?„} is a sequence of projections of an extension space Ufor which 

Q,,Q„ = 0 

In fact, one has only to apply the Neumark theorem to the generalized 
spectral family defined by 



If is an ordinary spectral family in a minimal extension space such that 
Ba = pr the function of A increases only at the points n where it has the 
jumps 

^ It E,i Eii-O f 


these transformations Qn satisfy the requirements of the theorem. 

This theorem in its turn has the following theorem as a consequence. 

THEOREM. Every finite or infinite sequence {T,,} of bounded linear 
transjbr mat ions in the complex Hilbert space $ can be represented by means of a 
sequence {N„} of bounded normal transformations in an extension space H in 
the form 

T„ = pr 7V„ (n=\,2 , .. .), 


where the are pairwise doubly permutable. “ If any of the transformations Tn 
are selj'-adjoint, the corresponding can also be chosen to be self-adjoint. 

We first consider the case where all the transformations Tn are self-adjoint. 
If mn and Mn are the greatest lower and least upper bounds of Tn, we set 


Al„ 


1 


then we obviously have 






(n=l,2,...): 


A„ ^ O, ^ A„ ^ I. 


u 


® We shall say that two bounded linear transformations Ti, Tg are doubly per- 
mutable if is permutable with Tgand with r* (and then is permutable with Ti and 
with T*). Furthermore, for two transformations, simple permutability implies 
double permutability; it even suffices to assume that one of the two transformations 
is normal (Fuglede [1]; also see Halmos [2]). 
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If we again set 

a=i—Xa„ 

n 

we obtain a sequence .4, /1 1 , ^ 2 . • • • of transformations which satisfies the hypoth- 
eses of the preceding theorem, and which, consequently, can be represented 
in the form 

An = prQ„ (/? = ], 2 ,...) 

in terms of the projections Qn, which are pairwise orthogonal (and consequently 
permutable). It follows that 


r,. = pr S„ (n -- 1,2,...) 

with 

S„ = m„ I + 2" — m,. -t- 1 ) ^„ , 

where the transformations S„ are self-adjoint and mutually permutable. 

The general case is reducible to the particular case of self-adjoint trans- 
foimations by replacing each transformation Tjj in the given sequence by the 
two self-adjoint transformations Re Tn and Im Tn. In fact, since the representation 

Re T„ =- pr S>.,, \mT„ = pr 5o„+i (n 1 , 2, . . .) 

is possible by means of bounded self-adjoint pairwise permutable transforma- 
tions 5,, the representation 


(/7- 1,2, ...) 

follows from this by means of the normal pairwise doubly permutable trans- 
formations /V„ S.,„ -f /S.,„ , Fora self-adjoint T„, we have Tn = Re Tn, and we 

can then choose S.,,, , j = O and hence = S,„. 


3. Sequences of Moments 

1. The following theorem is closely related to Theorem I. 

THEOREM II (Sz.-Nagy [9]). Suppose {An} (n = 0,l,...) is a se- 

quence oj hounded selJ-adjoint transjonnations in the Hilbert space § satisfying 
the following conditions: 

for every polynomial 

Oq + ^lA + + • . . -f 

if h real coefficients which assumes non-negative values in the interval 
— M M,we have 

^0^0 + OiAi + 02^2 + • ■ • + anAn > O : 

m a, = l 

such ^that ^ self-adjoint transformation A in an extension space H 


(“m) 


(7) 


A,,^ pr A'‘ 


(n = 0, 
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Furthermore, one can require that H be minimal in the sense that it be spanned 
by elements of the form A''f where fe^ and n =^0, I, . . . ; in this case, the 
structure {U, A, is determined to within an isomorphism, and we have 

Mil ^ 

We observe that if (BJ is a generalized spectral family on the interval 

[—M, M] (that is, Bx — 0 for A < — M and B^=I for X^M), the trans- 
formations 

M 

(8) | (n = o, I,...) 

satisfy conditions {a,f) and (|8). Conversely, if these conditions are satisfied, 
the sequence {An} has an integral decomposition of the form (8) with {5^} 
on [—M, M]. This clearly follows from Theorem II if we make use of the 
spectral decomposition of the transformation A. But one can also prove (8) 
directly, without recourse to Theorem II. 

In fact, the correspondence between the polynomials 

p(A) = a^f-F a-^X a Ji^ • • • -}- A 
and the self-adjoint transformations 

A{p} = Uo/ -j- -|- a., A, -f- ■ ■ ■ "h o„Aii 

which is homogeneous, additive, and of positive type with respect to the interval 
—M^X^M, can be extended, with preservation of these properties, to a 
vaster class of functions which comprises, among others, the discontinuous 
functions 

e (X)= ^ = 

0 for X> fjL, 

and then we obtain representation (8) by setting 

B,, = A{e,f 

We have only to repeat verbatim the line of argument of one of the usual proofs 
of the spectral decomposition of a bounded self-adjoint transformation A,'’ 
letting An play the role of A". The only difference is that now the correspondence 
p{X) ->p{A) and its extension are no longer multiplicative, and that consequently 
the relation f>^(A) ^ e^(A) does not imply that 5' is equal to B,,, and hence that 
B,, is in general not a projection. 

According to Theorem I, {5^} is the projection of an ordinary spectral 
family which one can choose in such a way that it is also on [ M, M], 
and then (7) follows from (8) by setting 

.V 

A = \ IdEy.. 

.1/-U 


’ See Secs. 106, 107. 
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We shall return to this theorem later (Sec. 8) and prove it as a corollary to 
the “principal theorem” (Sec. 6). 

2. If we replace condition (j8) by the less restrictive condition 

in A„ ^ j, 

then representation (7) of the sequence {An} will still be possible, if only start- 
ing from « = 1.® Everything reduces to showing that if the sequence 

{ -^0 J -^1 » A 2 , . . . J 

satisfies conditions (av/) and (^'), the sequence 


{ I, A^ , An, .. .} 

satisfies condition (a^). But, if p(X) = «„ + Oi A + . . . + ^ 0 in 

[—M,M], we have in particular that p(0)=t7o^O; since by assumption, 
^oAo + OiAi + . . . + anAn ^ O and I — Ag^ O, it follows that 

+ H o„(/ — A,)-\-a„Au + a^A^ -\ [- a„A„ ^ O. 

One of the most interesting consequences of the representation 

pr^" {n - \,2,...) 

is the following. We have 


iAJJ) iPA^f,f) {A^f,f) Af 

^ F Af ^ {AFAf,f) 
for all /e§, where equality holds if, and only if. 


Af~~^FAf AJ 

If this case occurs for all /e§, we have 


{PA FAf, f) 


(A-if,f) 


AV A (A/) A{AJ) A,{AJ) Aif, 

A f A {A^f) A {Aif) A, {Aif) - AJ, etc. 


® Formula (7) in Theorem II can be replaced by another which is valid under the 
single condition {o-m) and for n = 0, 1, . . . . Namely, we have that 

A,J A^iPA^A^ (/^ 6; n. 0, 1,...), 

where A is a self-adjoint transformation of a suitable extension space, \\A\\^M. 
( The equality Ag c O and hence the existence of the square root A^i^ O are conse- 
quences of the condition (a^,) if we apply it to p{A) = 1 .) This is obtained immediately 
when do admits even a positive greatest lower bound, because then the sequence of 

translormations ^ 

_l_ 1 

A aJ-A„A„ - (n 0,1,.. ) 

satisfies conditions {a^,) and (^). The case when Aq does not have a positive greatest 
lower bound requires a slightly more refined investigation (see Sz.-Nagy [9] ). 
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and hence 


A„f=PA"f=AU in=\,2,...). 

We have thus obtained the following result. 

If the sequence A(„ Ai, A^, ... of bounded self-adjoint transformations in 
the Hilbert space § satisfies hypotheses ( 0 ^) and then the inequality 


holds, where equality occurs if, and only if, An=A" {n = l,2 ,. . .). 

Inequality (9) is due to R. V. Kadison [1] who proved it differently and 
used it in his researches on algebraic invariants of operator algebras. 

Moreover, one can also omit hypothesis (jS'), and then the following 
inequality 


(10) Ai^]iA,i|4 

is obtained; in fact, we have only to apply inequality (9) to the sequence 


4. Contractions in Hilbert Space 

1. Whereas the projections of bounded self-adjoint transformations are 
also self-adjoint, the projections of unitary transformations® are already of a 
more general type. In order that T = pr U, with U unitary, it is necessary that 




for all /e^, that is, || r|| ^ 1, and hence the transformation T must be a con- 
traction. 

But, this condition is not only necessary but also sufficient. 

THEOREM. Every contraction T in the Hilbert space ^ can be represented 
in an extension space H as the projection of a unitary transformation U onto §. 

The theorem, and the following simple construction of U, are due to 
Halmos [1]. As in Sec. 2, let us consider the product space H = § x $ and 
the following transformation of H: 

j where S = (I- rT*f, Z = (I-T*Tf.^» 

The relation T = pr U is obvious. We shall show that U is unitary, or, what 


( 11 ) 


l/ = 


T S 
-Z T* 


® It is usual to speak of unitary transformations only in the case of a complex 
Hilbert space; their analogues in the case of real Hilbert space are called orthogonal. 
As a matter of convenience, we agree to say “unitary” in both cases. Hence, the linear 
transformation T in the Hilbert space § is unitary if it maps the space § isometrically 
onto itself, or, what amounts to the same thing, if T*T = TT* = 7. 


1“ Since ||r|| ^ 1, we have O ^ / - TT* ^ 7 and 0 ^ 1 - T*T ^ 7. 
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amounts to the same thing, that U* U and U U* are equal to the identity trans- 
formation I in H. Since S and Z are self-adjoint, we have 





T* — Z 
.5 T 

TS 

—z r 



S\ rr+z- 

7*)== ST—TZ 


T*S—ZT\ 
5--h 77’ j’ 


jT'’ 7r + 5-’ -rZ+ST 

'5 Tr~ —zr+Ts z^ + rr. 


Since Z^ — / T* T, — I — TT*, the diagonal elements of the product 

matrices are all equal to I. It remains to show that the other elements are equal 
to O, i.e. that 


(12) ST=TZ 

(the equation T* S = ZT* follows from this by passing over to the adjoints of 
both members of (12)). 

But, we have 


S^7=-(/— 7r)7- 7—77*7= 7(/— 7’7)= 7Z^ 
from which it follows by complete induction that 


S-“T- TZ-‘ 

Then we also have 


for n - 0, 1 , 2, 


P(S'^)T Tp(r) 

for every polynomial p(X). Since S and Z are the positive square roots of 
and Z^ respectively, there exists a sequence of polynomials Pn(X) such that 

p..iS^)~^S, 7..(Z0-Z. “ 

Now (12) follows from the equation 


A, (5-’) 7--- Tp,.{ZX 


by passing to the limit as n oo. 

This completes the proof of the theorem. 

2. The relation between transformations S in an extension space H of the 
space § and their projections 7= pr5 onto § is not multiplicative in general 
that IS, the equations 7, = prS„ 7,.^prS,, do not in general impi; 
1 2 pr i,S^. For example, if we consider the transformation U constructed 

equal to 7^° 


Po^^ible to find, in a suitable extension space, a 
transformation U such that the powers of the contraction 7 (which 

^of ihT. arc at the same time equal to the projections onto 

V oi the corresponding powers of U? 


See Sec. 104. 
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If we are dealing with only a finite number of powers, 

T* 7^2 T'A 

then the problem can be solved in the affirmative in a rather simple manner, by 
suitably generalizing the immediately preceding construction. 

Let us consider the product space H = § x • • • x §, with k + 1 fac- 
tors, whose elements are ordered {k + l)-tuples {/i, . . . of elements 

in 5 and in which the vector operations and metric are defined in the usual way: 

^{/i) • • • — {c/i, . . . , cfuif-x), 

{/i. • • • )A+i} + {(§"1, . . . ,^A+|} = {/i 4-^1) ■ • • 

({/l > • • • >/a:+i}i {^1) • • • , = (/l • • • + (A+1) 

We embed § in H as a subspace of the latter by identifying the element /in § 
with the element {/, 0, . . . , 0} in H. The bounded linear transformations T 
in H will be represented by matrices {T,j) with A" + 1 rows and A: + 1 
columns, all of whose elements T/j are bounded linear transformations in §. We 
have T — ptT if and only if = T. 

Let us now consider the following transformation in 




\ 

l^A:-}- 1 rows and columns. 


where S and Z have the same meaning as in the foregoing construction.^^ 

The transformation IJ is unitary. This is proved in the same way as above, 
by a direct calculation of the matrices U*U, UU*. In order to prove the 
relations 

T"^ prU" {n=\,2,...,k), 


The following construction is a modification of that 
the case of a finite-dimensional space. 


given by Egervary [I] for 


The — I’s could be replaced by +/’s, but the choice of the minus sign has the 
following advantage: Suppose § is real and finite-dimensional and represent the 
transformations T,T*,S,Z, 0 and / by their matrices with respect to an orthogonal 
basis in §. U will then be an ordinary hypermatrix whose elements are real numbers. 
Because of the minus signs, the determinant of U is equal to the determinant cl of the 


matrix 


T 

-Z 


s 

T* 


j. Since the latter matrix is orthogonal, we have ^/= ±1. Butr/de- 


pends continuously on T and since the contractions form a convex (and hence con- 
nected) set, and since furthermore cl= + 1 for 7’=/, we necessarily have cl - + 1 
for all the contractions T. Hence U is an orthogonal transformation which preserves 

the orientation of the space, that is, it is a rotation. 
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we must calculate the element in the matrix U" having indices 1, 1 and then note 
that the latter is equal to r" for n = 1, A:. We shall even prove more, 

namely that the first row in the matrix I/" (/? = 1, . . . , is the following; 


I: - j 


(7", 7“ ‘5, 


r--s- T 






O, , O). 


This proposition is obvious for /? = 1, and we prove it true for « + 1, assum- 
ing it true for n — by calculating the matrix U"'^^ as the matrix 

product U"-U. We have thus proved the following theorem. 

THEOREM. If T is a contraction in the Hilbert space §, then there exists 
a unitary transformation U in an extension space H such that 

T = pr U", 

n = 0, I, . . . , k {the case n = 0 is trivial), for every given natural number k. 
The product space § x ■ • • x § with k -r 1 factors^* can be taken for H. 

3. It is important in the above construction that A: is a finite number. 
However, the theorem is also true for k = OO. 

THEOREM III (Sz.-Nagy [10, 11]). If T is a contraction in the Hilbert 

space §, then there exists a unitary transformation U of an extension space H 
such that the relation 



is valid for n 0, 1 , 2, . . . . Furthermore, one can require that the space H be 
minimal in the sense that it is spanned by the elements of the form Uf where 

/e § and =0, ±1, ±2, . . . ; in this case, the structure {H, 17, is deter- 
mined to within an isomorphism. 

An analogous theorem is true for semi-grdups and one-parameter semi- 
groups of contractions, that is, for families {TJ of contractions (where 
Qut <oo or — OO ^ < OO, according to the case at hand) such that 


1 ) 


A 7,, Tu -== 7, 




and for which one assumes further that 7, depends strongly or weakly continu- 

ous y on t , weak continuity means that {T,f,g) is a continuous numerical-valued 

t unction of t for every pair/; g of elements in f). The theorem in question is the 
tollowing. 

theorem IV (Sz.-Nagy [10, 11]). If (7,},>„ is a weakly continuous 

one-parameter semi-group of eontractions in the Hilbert space §, then there 

exists a one-parameter group of unitary transformations in an 

extension space H, such that 



A>0. 


'■* The last proposition is important only in the case where the space SS is finite- 
dimensional. 
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Furthermore, one can require that the space H be minimal in the sense that it is 

spanned by elements of the form UJ, where fe^ and - oo < t < oo; in this case 

U, ,s strongly continuous and the structure (H, U„ is determined to 

Within an isomorphism. 

These two theorems can be generalized to discrete or continuous semi- 

groups with several generators. We shall formulate only the following generah- 
zation of Theorem III. 

THEOREM V. Suppose is a system of pairwise doubly permut- 

able contractions in the Hdbert space §. There exists, in an extension space H, a 
system { of pairwise permutable unitary transformations such that 

(■-^1 

for arbitrary Pi^R and integers provided the factor is replaced by 

[ j-cp,) j n, \^'hen ni < 0. Moreover, one can require that the space H be minimal in 

the sense that it be spanned by the elements of the form IJ [ f where fe § ; 

in this case, the structure (H, U^‘‘\ is determined to within an isomor- 
phism. 

We shall prove Theorems III and V in Sec. 9. 

3. We now give several applications of these theorems; T will denote a 
contraction in a complex Hilbert space $ and {T,} is a weakly continuous one- 
parameter semi-group of contractions in §. 

a) Invariant elements. If the element f is invariant with respect to T, then it 
is also invariant with respect to T*}'^ 

Proof We have T = pr U, with U unitary, from which it follows that 
r* = pr I/* = pr U'E The equations f =Tf=PUf,\,Ufl\ = \,f\\ imply that 
Uf=f Hence we have f—V'^f= PV~ '/= T*f, which completes the proof 
of the theorem. 

b) Ergodic theorems. For all /e§ the limits 

1 " - • 

lim — — V T'f 

, JH .. 0 ^ ^ /. - m 

n - -► 'X 

and 



exist in the sense of strong convergence of elements, where the integral is defined 
as the strong limit of sums of Riemann typed^ 

Proof. By Theorems III and IV, we have T* = pr I/* (^ = 0, I, . . .)and 
T, = prl7, (t ^ 0) with U, strongly continuous; hence T, is also strongly con- 
tinuous. For /e^, we have 


See Sec. 144. 
See Sec. 144. 
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and 


-1-1 


>1 -1 


^ V f = P ^ Uxf 

Hi to 


y 


T,fdt = P Utfdt, 




fi 


respectively, and the propositions thus follow from the ergodic theorems of 
J. VON Neumann on unitary transformations. 

Dunford’s ergodic theorem on several permutable^’ contractions can be 
reduced in an analogous manner, by Theorem V, to the particular case of unitary 
transformations, but this only under the additional condition that these con- 
tractions be doubly permutable. 

c) Theorems of von Neumann and Heinz. Suppose 

u (z) - ~ c,i + Cl z -)- • * • -b c„ z" -f- * • • 
is a power series in the complex variable z with 

ki'l + IH — + Ti. I + * • ■ < . 

Set 

u{T) = Co/ + CiT + . . . + CnT" + . . . .IS 
IJ the function u(z) satisfies one or the other of the inequalities 

|w(z)| ^1, Re u{z) ^ 0, with \z\ ^ 1, 

then we have 

llw(r)||^l, Rew(r)^o, 

respectively. 

Proof: It follows from the representation of powers: T^=nrl/^ 
(/: = 0, 1, . . . ) that 


w(7) prufU). 


Let 


In 


U = I e'^ dE>. 
0 


be the spectral decomposition of the unitary transformation U\ we then have 


•in 


il«(7')/ir -||Pu((/)/|ps ||u(t/)/|p = J \u(e‘^)fd{Ey.f,f), 


0 


^g(o(7')/,/) — Re (P u ((/)/,/) = Re (u ((/) y; y) _ J r^ „ 


See Sec. 145. 




are 


See Sec. 153; here they are stated in a slightly generalized form 
valid in a complex Hilbert space. 


These theorems 


This series converges in norm because of (13). 
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for /e§. The above propositions follow in an obvious manner from these 
formulas. 

d) Let 

k 

be a trigonometric series with arbitrary real L and such that 

A- 

Set 


IJ the function p(d) satisfies one or the other of the inequalities 

\p{^)\ ^1, Re p{d) ^ 0, for all real d, 

then 

||/»(7')||gl, Rtp{T)^0 

respectively. 

Proof The proof proceeds exactly as for c) but now using Theorem IV 

and Stone’s theorem in virtue of which there is a spectral decomposition of U, of 
the form 

U, = J e“^ dEi. 

- » 

Analogous theorems could be stated (under suitable hypotheses which 
assure convergence) for trigonometric integrals. 

4. Isometric transformations in Hilbert space $ (into a subspace of §) 
are particular cases of contractions. If the isometric transformation 7 is repre- 
sented as the projection of a unitary transformation U, we have 



77|| = ||Pt//i!^lif;/!l 


for all /; since, on the other hand, \\Uf\\ = !|/||, we necessarily have PUf = Uf 
and hence Tf= Uf; that is, U is an extension of T. 

It therefore follows from our theorems on contractions that every isometric 
transformation has a unitary extension and that for every weakly continuous 
one-parameter semi-group of isometric transformations T„ there exists a strongly 
continuous one-parameter group of unitary transformations U, in an extension 
space such that U,'DT,. 

The last theorem was proved earlier by Cooper [3] in an entirely different 

way. 


This series converges in norm because of (14). 
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5. Normal Extensions 


We proved in Sec. 2 in particular that every bounded linear transformation 
T in the complex Hilbert space § can be represented as the projection of a 
normal transformation in an extension space. The question arises: Does T 
even have a normal extension 

If a normal extension N of T exists, then a fortiori T = pr N, and conse- 
quently r*=priV*, from which it follows that 




^ |]PiV7iH 



for all /6§. The inequality 


(15) 117/11^17711 (for all /6§) 

is therefore a necessary condition that T have a normal extension. But, it is 
easy to construct examples of transformations T which do not satisfy this 
condition. 

Other, less simple, necessary conditions are obtained in the following 
manner. Suppose {g,} (/ = 0, 1, . . .) is a sequence of elements in § almost all 
of which (that is with perhaps the exception of a finite number of them) are equal 
to the element 0 in §. We then have 


00 QC 




4 J. (I 


{Tg,, T'g.) = V (N'g^, . A"^,) 




(A^"iV7„^,) 


J 


N’ N 

j 






V 




(iV7„iV7,) = il2''iv*7, 


0 , 


t J 




I • 




- j 




r. i ^ 




from which we see that 
(16) 




and 

(17) 


x 


oc 


r'g.) ^ rg.) 


I . 


0 i -0 


/ -M / M 


with constant C > 0. These two inequalities are therefore necessary conditions 
that T have a bounded normal extension. 

But these conditions are also sufficient. Namely, the following theorem 
holds. 


THEOREM VI (Halmos [1]). Every bounded linear transformation T 

in the Hubert .space § which satisfies conditions (16) and (17) has abounded 

normal extension IS in an extension space H. One can even require that H be 

minimal in the sense that it is .spanned by the elements of the form N*fi where 

JsSy and /c = 0, 1, . . . ; this case, the structure {H,iV, is determined to 
within an isomorphism. 
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prino^:. toZTsf 6^"” “ '« “ ‘'“= ““ '» »- 

presciit, we shall content ourselves with a remark connecting the 
problems on extensions with the problems treated in Theorems II-V: 

The following three propositions are equivalent for any two bounded linear 

transformations,! in ^ and T in linear 

a) rgT; 

b) r = pr r and T*T = prT*!- 

c) r*T^ = prr*'TVo/- 1, = . 

Proof a)^c) because 



for/,ge§. c)^b) is obvious, 
we have, on the one hand, that 


b) -->a) is proved as follows: for/G$ 


\\Tf\f-{rTff)) 

= {PTTff) = {TfTf)^\\Tff 

because 

and, on the other hand, that 

rr= pr TT, 

because 

\\Tf\\ = \\PTf\\ 

Hence we have 

T-prT. 


\PTAi=\\m 


which is possible only if Tf = PTf that is, if Tf= Tf- therefore T^T. 


6. Principal Theorem 

As we have already stated, Theorems II-VI can be proved as more or less 
immediate corollaries to a “principal theorem.” In order to be able to state 
this theorem, we must first introduce some concepts of an algebraic nature. 

By a *-semi-group we shall understand a system F of elements (which 
we shall denote by Greek letters) in which two operations are defined: an 
associative “semi-group operation” (^, T7)->^ry, and a “* operation,” 
which satisfies the following rules of computation: 




I 


• w* 


We shall assume further that there is a “unit” element e in F such that 

^ ^ for all ^ e F, and e* = e. 

Any group can be considered as a *-semi-group if we define the * operation 
in it as the inverse: In the sequel, when we speak of a group F, we 

shall assume that it is provided with this *-semi-group structure. 

By a representation of the *-semi-group P in a Hilbert space H we shall 
understand a family of bounded linear transformations in H such that 
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D^. = Df for all i,rjer. 

The following propositions are obvious: if for an ^ e T. 

(0 ^ ~ the transformation is normal ; 

(ii) ^ = i*, the transformation D, is self-adjoint ■ 

(yO s s s 5 the transformation is an (^orthogonal) projection', 

(*'') ^ ^ ~ the transformation is unitary. 

Suppose {DJ is a representation of T in H and let § be a subspace of H. 
Consider the transformations 


It IS obvious that = I (the identity transformation in §), and that 

j. pr Dj, pr . Suppose is a family of elements in § such 

that gf=0 for almost all the Upon setting g = we then have 





(Di>,g,,gd - 


(DiD,g,^,g.) (g,g) 0 


and, for all a e F, 

y y (Ti..,„,g, , g <) . 2’ (Di^„,,„,g, , gi) 2" Z (did:,d,,d, g, , g{) = 

-- iD„g, D„g) ^ |!D„H-(^, g). 

Now the essential content of our “principal theorem” is that these in- 
equalities characterize the families {T,} which are obtained by a projection of a 
representation {D^J of T. 

PRINCIPAL THEOREM. Let P be a *-semi-group and suppose {TT-p 

IS a Jamdy of hounded linear tran.sfonnations in the Hilbert space 9) which satish 
the Jollowing conditions: 

(a) . £ 

I a function of is of positive type, that is, for every 

(b) ) famdy .gp^,. of elements in § such that 0 for almost all b we 

have ’ 


T ~ J T — 23 

ip i, 7 ^, / 


(C) 


yyiT'i'nSr,, gd'FO', 

( V 

for such Jam Hies {g^} and for all asF we have 

f -n 




with constant C. > 0. 


u/ U ^ all indices with perhaps the exception of a finite number of them 
We shall make use of this expression again in the sequel. 

The sums extend over all the elements of T unless stated expressly otherwise. 

“ In the case of a complex Hilbert space § this equation is a consequence of (b). 

"‘l^n particular the left member is real. This could, after all, have also been 


deduced from the other hypotheses. 
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Then there exists a representation of T in an extension space H such that 

Ti -- pr Di . 

Furthermore, one can require that H be minimal in the sense that it is spanned 

by elements of the form DJ where f and ^eT. In this case, the structure 

{H, Df, is determined to within an isomorphism and the following proposi- 
tions are valid: 

1 ) 

2) if the equation is satisfied for fixed a, j8, y and for all 

^.rjeF, we have 


3 ) if 


Da — D^ “|- Dy ; 






(n 


OC 


) 


for fixed an and a, and for all p, and if furthermore lim Ca„ < oo, then we have 


Da„ - Da 


(n 


OC 


)• 


Remarks. If is a group, we have = e; hence condition (c) is 

satisfied in an obvious manner by Q = 1 and the representation {D^} consists 
of unitary transformations.^^ 

In the case where F is a topological group, and $ is a complex space of 
dimension 1, our theorem reduces to a theorem of Gelfand and Raikov,^* 
in virtue of which every continuous complex-valued function p{^) of positive 
type (see (b) in Principal Theorem, above) defined on F can be written in the 
form 


where {I7f} is a weakly (and hence also strongly) continuous^' unitary repre- 
sentation of r in a Hilbert space §, and where fi is a fixed element of an 


The principal theorem was already proved for groups in Sz.-nagy [ 11 ]. 

Gelfand-Raikov [!]• Also see Godement [2], in particular pages 21, 22. 
This theorem is of prime importance in the theory of these authors on irreducible 
unitary representations of locally bicompact groups. 

There is a closely related theorem due to Segal [ 1 , Theorem 1 ] on certain complex- 
valued functions oj{A), defined on an “operator algebra, “ that is, on a set j/ of bounded 
linear transformations in a complex Hilbert space, which contains A + B, AB, cA, A* 
provided it contains A, B. In the case where also contains the transformation /, 
the Segal theorem is also a consequence of our principal theorem. 

Since is unitary, we have 

II uf- UfW^ ^ 2||/|h’-2 Re (Ufi U, f) 2 Re {V,f- Uf U, f), 

for and /6§, from which it follows that the weak continuity of implies 

its strong continuity. 
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element whose images under the transformations span the space under 
these conditions the structure {§, U^J^} is determined to within an iso- 
morphism.^® 

Proof. 1) Extension space. We denote the set of all the families v = 
of elements in § by V; r can be considered also as a vector whose “com- 
ponent with index is in symbols: 

{v)i = . 

The addition of these vectors and their multiplication by scalars (that is, by 
real or complex numbers according as § is real or complex) are defined by the 
corresponding operations on components. 

In V we shall consider in particular two linear manifolds, G and F. G 
consists of vectors almost all of whose components are equal to 0; these vectors 
will be denoted by the letter g:. F consists of vectors / = for which there 
exists a vector g = such that 



for all f 6 T; this relation between / and g will be denoted by 


We define a binary form [/,/] in F in the following way. If/=g, f =g, 
we let 


(18) 

(19) 


[/./'] 


> 
T 


(A . gi) = - 






iA*>,g,,gt) 






ig>. JO- 


(Here we have made use of the fact that T*.^ = = T„.^.) It follows from 

(18) that this definition does not depend on the particular choice of g in the 
representation of/, and it follows from (19) that it does not depend on the 
particular choice of g' either; consequently, the form [/,/'] is determined 

uniquely by/and/'. It is obviously linear in / and we have \f', f] = \f f'l 
It follows from condition (b) that 





Jf,g,,g0 



We have still to prove that the equality sign holds here only for/ =0. But it 

follows from what has already been proved that the Schwarz inequality is valid 
for the form [//'] : 



““ This means that if {§', U'^,fl} is another structure with the same properties, §> 
can be mapped linearly and isometrically onto §' in such a way that/n->fo' and that 
implies U(f >Vif' for all ^eP. 

The parameter of the family will be denoted by ^ ; hence | always runs throueh 
all the elements of f. b 
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The equation [/,/] =0 for one/therefore implies that [/,/'] = 0 for all/' e F ; 
but it follows easily from (18) that this is possible only if/=0. 

Hence the form [//'] possesses all the properties of a scalar product; 
therefore, if the scalar product in F is defined by 

F becomes a Hilbert space, which in general is not complete. Let H be the 
completion of F. 

The original space § can be embedded as a subspace in H, and even in F; 
this can be done by identifying the element y in § with the element 

in F (note that ff=g with {g\ =/ and (g)^ =0 for e). This identifica- 
tion is justified because we clearly have 

/+r'=/r+//'. (/r. /r) = (/. /')• 

Let us now calculate the orthogonal projection Pf of an element /eF 
onto the subspace §! We should have, for all he^, 

{Pf,h) = {f,h), 
the definition of the scalar product in F yields 

{Pf,h) = {f, /,) = {{/%, h)- 


since P/and (/)e are in §, this equation is possible for all /? e § only if 

(20) P/= (/), . 

2) The representation {DJ. Suppose f=g, that is. 




We then have 


/«• i 




Tf<rrg,, = 3 TiHg'l 


for arbitrary aeP, where 

g(. ~ ^ g<t 

(if there are no rj such that arj = then the sum in the second member of(21) 
is defined to be equal to 0). It is clear that, for given a, = 0 for almost all 
the and therefore 


igD^G, [/.nlCF 


Consequently, 


D,.{A} = {fnH} 
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is a transformation, which is obviously linear, of F into F. We have 

( 22 ) 


(23) 


Dc[h) = {Ui)-^{h], 

DaD^ l/i ) “ Da 1 Da^ ] 


and, for f^g,f' 


^ / 
g 


(24) 




(/«*t . gi) 


V V’ 

" 




(g,, T,..Hgi) = 2’ ig = (/, Z>„./') ; 


finally, it follows from (24), (23) and condition (c) of the principal theorem that 


(D„/, a.f) = (D.,.Z)„/, /) = f) 


N" V 


iTi*(,*,tl^g !• , g{) = 


9 

^ cf.Z2L(Ti>,,g,,,g,)~ cUf,f). 

Hence is a bounded linear transformation in F, ; ^ C, and consequently 

it can be extended by continuity to H. It follows from (22)-(24) that {D^} thus 
extended will be a representation of P in H. 

Consider in particular an element / which belongs to §,/= / We then have 

(25) 


D,.f D,.{T.,f}=-lTi,.f}, 


and hence, by (20), 


P/>„/= (D„/)* T.J. 


This proves that 


T,. =--= pr D„ . 

It also follows from (25) that, for/ = ^ gF, 


/ 


whence 


N" 


(D,g,h - (2. D.g,),, 


Dr, gn ■ 


r. 


This means that F consists of finite sums of elements of the form D^g where 

176 T; then these elements span the space H, and therefore the extension 
space H is minimal. 

The representation {D^} of F which we have just constructed also satisfies 
Propositions 2 and 3 of the principal theorem. This follows from the equation 

{DalD- 


^ Si) 

i V 


(see formula (24)), valid for arbitrary / = i:,/' =g'(eF), and from the ob- 
vious fact that if the relation 


or the relation 
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(^“n (Daf, f) (/I — ► OO ) 

is satisfied for/,/ eF, and if, moreover, in the second case, 

Hrn||D„„||<~, 

the same relation is satisfied for all the elements/,/' in H. 

3) Isomorphism. It remains to investigate the problem : To what extent is 
the structure {H, D^, determined? To this end, let us consider any two 
representations of r, {D;} in H' and {D;} in H", where H' and H" are two ex- 
tension spaces of §, and let us assume that 


prDf = rf, prD'i’=Ti. 


Furthermore, we shall assume that each of these extension spaces is minimal, 

i.e. that H' is spanned by the elements D^g and H" by the elements Dfg, where 
g e § and $ e F. 

Let 



be two elements in H' (with {gij, {g^^} e G), and let 


fi'=ZDig.i. fr=ZDi'gu 

i i 

be elements in H". We have 



and in an analogous manner 


hence 


ifFfn=ZZ(n^,gu;,g2d, 


Consequently, if we assign the elements 

(26) f = ZDigi. r = ZDigs 

t t 

to the same (gj eG, this correspondence " will be linear and isometric, 
and it can then be extended by continuity to a linear and isometric mapping of 
all the elements of H' onto H". 

In particular, by setting gg = g and g^ = 0 for ^ 7 ^ £, we see that each ele- 
ment g of the common subspace $ corresponds to itself. For all a e T, we have 

Da ZD'igi- ZD'aigi = 2" Dlgt 

i i ^ 

(see (21)); hence implies that for all f\ /" in the form 

(26), and then, in virtue of the continuity of the transformations for all 

feW and/"GH". 

Therefore the structures and {H", are isomorphic. 

This completes the proof of the theorem. 


< — >- 


2 ’ Di'g'i 



Dg^Digi 
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7. Proof of the Neumark Theorem 


Let {fi,} 

-oo<A <oo be a generalized spectral family in Set === 

= lim5^ = / and B_^=^ lim B^ = 0. We assign the transformation 

^ -*-00 A—*~ OO 


to each half-open interval 
and the transformation 


A = (a, b] (where — .oo '^a <b^oo) 


Bu) — Ba, \ 

t 

to each set w which consists of a finite number of disjoint intervals zJ,; this 
definition obviously does not depend on the particular choice of the decom- 
position of to. For = ( — oo, oo] we have Bq = /, and for the void set 0 
we have Bg = O. The family K of these sets w, including Q and 0, is clearly 
closed with respect to subtraction of any two sets, and with respect to the opera- 
tion of forming unions and intersections of a finite number of sets. 5 is a 
positive additive set function defined on K; more precisely, B^ is, for all a> e K, 
a self-adjoint transformation such that 


O B ^ ly B(~) Oy Bo- Iy Bfo^uo )., — Bio^-{~Bcj, si ojinco2=^0 
We shall also consider AT as a *-semi-group; we do this by setting 


~ f] (0 


(f), 


O 


We shall see that B^, considered as a function defined on this *-semi-group, 
satisfies the conditions of the principal theorem. 

Condition (a) is satisfied in an obvious manner. Condition (b) means that 



for arbitrary w,, . . ., co„ e K and g„ . . . , gn e 
quality, we first consider the intersections 


- 0 

In order to prove this ine- 


;r fj- ni,jT n ■ ■ ■ n i^K) 

where each time we can choose one of the signs + or - in an arbitrary manner; 
w denotes the set a. itself and w its complement Q-to. Two intersections 
corresponding to different variations of sign are obviously disjoint. Each set 

(/• /•) is the union of certain of these it, namely of all those obtained 

by choosing the sign i for / and /, that is, of all those which are contained in 

In virtue of the additivity of B,, as a set function, the sum ^ then 
decomposes into a sum of terms of the form 

We combine the terms corresponding to the same 77 into a partial sum j • the 
latter extends to all the pairs of indices (ij) for which cu, n a., 3 77 , that is’, for 
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which w,|7r and ajj^TT simultaneously. Suppose h,h,...,U are those 
values ot the index ; for which w, contains the fixed set tt; we then have 



/i = l A'^l 


S 'I, . ( Bn g,g) with g 


r 

N 


A = 1 



and consequently ^ 0. Since this is true for all the tt, it follows that 
= 2^ -yrr ^ 0, which was to be proved. 

n 


Let us now pass on to condition (c). Suppose w is a fixed element in K and 
set 


(o' = ( 0 , f] o)\ (o’/ = (r);r\(o- (/■=], 2, ..., n). 

Applying the inequality j ^ 0, which we have just proved, to to,' and to," 
instead of to to,, we obtain 



Since to/n toj and to" n to" are to be contained in the disjoint sets to % to they 
are also disjoint; since their union is equal to to, ncoy, it follows from the addi- 
tivity of that s' + s" = s. Consequently, we have 0 ^ j ^ j, that is 





./ 


iB^,n,.,n,.,n<o^gj, g.) ^ ^ ^ Bu,n,.,^gi,g.), 


J 


and hence condition (c) is satisfied with C„ = l. 

We can then apply the principal theorem. Hence there exists a representa- 
tion {^a.} of the *-semi-group in a minimal extension space H such that 


5 ., 

here, “minimal” means that the space H is spanned by the elements of the form 
where /e§, oieK. It follows from the structure of as a *-semi-group 
that is a projection, E„ = I, and 


(27) 

We also have 

(28) 




when (Oif](o. 2 = (■); 


this follows, in virtue of the fact that H is minimal, from the fact that, being 
an additive function of oj, we have 

B(i,t^ u 0}.^) 0 (.) B(,)^ f) w “b Bfo., 0 w 

for all ojeK. In particular, we have Eg = Eg^g =Eg-}- Eg, and hence Eg = O. 
We set 


B/l — ^(-oo, A] for 


OO 


<X <oo; 


since B,. 


(-00, AJ 


= B, — B.oo = Bi, we then have 




(29) 

and by (27) or (28), 


B,. pr Ex , 
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^ for A < /x. 

We finally arrive at the relations 

E^—>E^ as A~>yn. + 0j 

->Eq = O as A— > — oo; 

E^-^E^ = I as A 00,30 

which are consequences, in virtue of the fact that H is minimal, of the relations 

:o, /.j D t.} ^ 3c, u] n to A — *■ u “1“ 0, 

•6, - cc, /.jrii.) — ► O “■ Eeno) as / — >■ — oo, 

E, - cc. >,] n B,., -= Bo n as A —*• 4 - , 

which are valid for all fixed a>. 

Hence {EJ is an ordinary spectral family. 

Since each of the E„ is derived from the E, by forming differences and sums 
or by passing to the limit (A -> ± oo), the space H is also minimal with respect 
to (E,,}, and the structure {H,E^, is determined to within an isomorphism. 

This completes the proof of Theorem I. The following theorem, also due to 
Neumark [5], is proved in an analogous manner. 

THEOREM. Suppose K is a family of subsets oj of a set Q which contains 
Q and the void set 0, and which is closed with respect to subtraction of sets, as 
well as with respect to forming the union and intersection of a finite number of sets. 

IVe assign to each oj e K a self-adjoint transformation in the Hilbert space 
§, in .such a way that we have 

B(-) - O', Bti=^I', Bu^uio., -- Bu,-\- Bo>, si (o^ n ( 0 .,= 0. 

Then there exists a family {EJ of projections in an extension .space H, such that 
the elements of the form E^J (/ e ^,aj e K) determine the space H, and 

B„ = prE^,; 

E^=0, E^^T, 

Eo,,n....= E^^ E„,^ for arbitrary oi,, oj.p, 

Eu.,uo,,= E^^ + for disjoint a>,, oj^. 


8. Proof of the Theorem on Sequences of Moments 

We saw in Sec. 3 how Theorem 11 is derivable from Theorem I of Neumark 
(at least with the exception of the last propositions of Theorem II, which however 
can be proved directly without difficulty). We are now going to see how this 
theorem is derivable directly from our principal theorem. 

Suppose r is the *-semi-group of non-negative integers n with addition as 
the “semi-group operation” and with the identity operation n* ='n as the 
* operation”; then the “unit” element is the number 0. 

For a monotone sequence of self-adjoint transformations, the weak limit is at 
the same time the strong limit, which fact follows from Sec. 104. 
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Every representation of Tis obviously of the form {A''} where^ is a bounded 
selt-adjoint transformation. 

We shall show that the sequence {An) (n = 0,1,...) visualized in Theorem II 
considered as a function of the variable element n in the *-semi-group r satisfies 
the conditions of the principal theorem. Condition (a) is obviously satisfied- 
as for the other two conditions, one proves them using the integral formula 


I tdB^ 

established in Sec. 3, where is a generalized spectral family on the interval 

[—M, M], In fact, if {g„} (n = 0, 1, . . .) is any sequence of elements in 5, which 
are almost all equal to 0, we have 


00 00 


00 X 


M 


.U 


2 2 .g:)^ 2 2 

'^0 A=0 

where we have set 


< :-:0 /.--<» 


/'+'■ d{B-,g,,g;) 


{Bid;.)g(?.),g{l))^0 


-M-n 


-.V-o 


00 



f - --(» 


and where B{A) denotes the positive, additive interval function generated by 

Ba, that is, B{A) = B^—B^ for A = {a, b]. Furthermore, for r = 0, 1, , . . , we 
have that 



00 

y 



.u 

?:-‘{B{d/.)g{/.),g{/.))-^ 

-. 1 / 0 



){ 


{B {d 1) g {/.) , g {/.)) 


. 1/-0 


M 


X X 

Jr V V 

n 




Thus we see that conditions (b) and (c) are also satisfied, and one can then 
apply the principal theorem, which yields Theorem II. 


9. Proof of the Theorems on Contractions 


Proof of Theorem Ilf. Suppose T is the additive group of all integers n. 
Every representation of T is then of the form {f/"} where U is a unitary trans- 
formation. 

Suppose ris a contraction in §. Set 



T" for « = 0, 1 , . . . , 
r*'"ifor //= -1,-2, ... ; 


hence To =/and T_„ = T*. We shall show that r„, considered as a function 
defined on T, is of positive type, that is. 


( 31 ) ^ „.g„ , gn.) ^ 0 

III H 

for every sequence {gn}°°oo of elements in § almost all of which are equal to 0. 
We first consider the case of a complex space $. We set 

(32) T{r, ff ) - r“ e“"f T, 
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for 0 r < 1 and ; in view of the fact that 

converges in norm. Setting r = we have 


Ti, II < 1, this series 


Tir, ^f) 


y i r 
^ 1 


+ 


1 




/+> 


— it 

z T 


t" 


2 Re 


1 


i 2 


/ 




Re (/ + zT) (I—zT) 


-1 


Hence, for fe § and g = (I — zT) ~ we have 


(33) 


(7'(^,^A)/,/) = Re((/ + ^^) U -zTy^ fj) {{I + zT)g,{l-zT) g) 


^^[(g^g)-rz{Tg,g) — z{g, Tg) — zz{Tg, T g)] - ■ g\\-—'z\-\\Tgf^0, 


since lz| < 1, ! T;! ^ 1. Since this result holds for all /'£$), we have in particu- 
lar that 


(34) 

with 


P{r, <f) = {T{r, ^ 0 


/(</) 


cc 


n - 00 


p '**ra 


where {g,,] is the sequence of elements in § considered in inequality (31). 
(34) we replace and /(v) by their series expansions, we obtain that 


If in 




"'>'f {T,g„,g.,) 


/. . Hf ^ it 


whence 


2l ^ r ' ■ " "• (T,u. ,ng.. , g,..) 0, 

I 'I 


1 


■ 2 .^ 


tr 


' (^ g '^g:) ---- - I p{r, </) d<f 0. 


We obtain (31) by letting r->\. 

The case of a real space § can be reduced to that of a pomplex space; we 
do this by introducing the space §, of pairs {g,/?} of elements in §, subject to 
the tollowing fundamental operations: 

\g>l^) + {g',h') :^ {g-\^g',li-\-li'], 

{o \ ib) [g, h\ [ag — bh, bg \-ah] {a and b are real numbers), 

(1.^. *), h']) {g,g') \- (h, h') \- i(h,g')-i(g, h'), 

\{g.fi]\\‘ ~ {{g,p\,{g,h)) ;i^||^ + pjp; 

hence is a complex Hilbert space. The transformation 

'i'{gJA= \Tg,Th) 

IS a coniraction in in fact, on the one hand, it is linear : 

'r{g \ g, h-vix\ - {7(^-b^'), Tih^^h')) = 

\Tg, Th) 4 [Tg, Th') T{g, h) + T{g', h'), 

I {a \ ib){g, h \ - T{ag—bh, bg \ ah} - {aTg—bTh, bTg + aTh} = 

{a I- ib) { Tg, Th} (a + ib) f{g, h}, 
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and, on the other hand, we have 
It is also easily seen that 


ll^iP+il/?iP=||(^,A}|p. 


It follows that 


r{g,h)-{rg,rh}. 


r{g,h]={rg,rh) and r''{g,ii]=^[r''g,r''h) 

for « = 0, 1, . . . , and hence 

T„{g, h)={T„g, Tnh) 

for « =0, ± 1, ±2, ... . 

But since inequality (31) has already been proved for complex spaces, we 
shall have 

(35) 

ill ii 

for cpn = {gn, //«} (where g„=0 and = 0 for almost all n). When = 0 for 
all n, we have 


^f‘u t y»f) {J^n-rngni gut^i 

and hence inequality (35) then reduces to inequality (31), which completes the 
proof of (31) also in the case of a real space $. 

We can then apply the principal theorem, which yields Theorem III. 
Proof of Theorem IV. Now let T be the additive group of all real numbers /. 
Then the representations of Tare one-parameter groups {t/J of unitary trans- 
formations. 

Let be the one-parameter semi-group of contractions considered 

in the theorem. We set 



r, 


for t < 0; then T, will be a weakly continuous function oft, — oo < t < oo, and 
we shall have 

To = I and T. , = T* for — oo <t < oo. 


We shall show that T„ considered as a function on T, is of positive type, 
that is, that 



for every family {h,} of elements in §> such that h, =0 for almost all values of t. 

Suppose ?i, t 2 , ... tr are those values of t for which h, ^ 0. We assign to 
each tn(«= 1, ..., /■) a sequence of rational numbers (v= 1, 2, ... ) which 
converges to t in such a manner that the numbers t,„ (« = 1, 2, . . . , r) are dis- 
tinct for every fixed index v. Since T, is a weakly continuous function of /, 
setting 
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we have 
(37) 



For every fixed v, the rational numbers (« = 1, . . . , r) are commensurable, 
that is, they can be written in the form 



with a (7, > 0 and distinct integers Then we have 



when i 

>■ <w- 

— ‘ inj' } 

when Tnr = 

= 7 }„)• f 


and hence 

(38) 


r 


r 




m— 1 n=l 


i«=l n— 1 


where r;, ‘"'is defined in a manner analogous to (30), starting with the transforma- 
tion 7'‘'> == T,!^. Since the latter is a contraction, inequality (3 1 ) holds for it also ; 
choosing the gn in (31) in such a way that 


gn =fp when n = 

gn = 0 when n is not equal to any of the (<7 = 1 , 2, . . . , r), 

the first member of inequality (31) reduces to the second member of equation 

(38), and hence the latter is 0; and this is true for all fixed values of v. Inequality 
(36) follows, in virtue of (37). 

Then we can apply the principal theorem and obtain that 


T, - pr U, , 

and that in the case where the extension space H in question is minimal, the 
structure (H, U„ 5} is determined to within an isomorphism. In this case, U, 
is also a weakly (and hence strongly) continuous function of t, and this in .virtue 
of proposition 3) of the principal theorem and because of the fact that T, ,, 
is obviously a weakly continuous function of t for an arbitrary fixed value to of r.” 
This completes the proof of Theorem IV. 

ProoJ of Theorem V. We now choose T to be the group of all the “vectors” 

" = whose components are integers, almost all of which are equal to 

0. If is the given system of pairwise doubly permutable contractions 

we set ’ 

Tn 77 T% 

where Tf is defined in a manner analogous to (30). Since = 0 for almost 
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all p almost all the factors in the product ( 39 ) are equal to /; therefore this 

product has meaning even m the case where the set R is infinite. We note, which 

IS essential, that since the are pairwise doubly permutable the factors in ( 39 ) 
are all permutable, ' 

We obviously have r,, =/, r. „ = TJ, where o denotes the vector all of 
whose components equal zero. 

It remains to prove that considered as a function on the group r, is of 
positive type, that is e p » 



^ iTn-mSnt = 0 

nt n 


for every family {g„} of elements in § such thatg„ = 0 for almost all n s r. 

If one considers only those vectors n for which 7 ^ 0 , there is a finite num- 
ber of indices p, say p^, p^, . . such that all the components of the vectors n 
whose indices are different from these, are equal to 0. Since the factors with 

= 0 in the product (39) can be omitted, it suffices to consider the sums of 
the type 



where we have set P‘^ in place of P'^'^ for simplicity in writing. 

In the case of a complex space § one can reason as following. We set 


^(^r ^1 r • • ■ ) ^r) 


oc 

N 


n. = - cc 


X 

V 

Hr - - a 


,1 "r 1 + ... + I I , ' ("19^1 + ••• +»'r9Pr) 'T'dl 


(r) 


* ifi i 


(=1 

for 0 ^ r < 1 and 0^9,^ 2tt, where the factors in the last member have a 
meaning analogous to (32). Since these factors are, according to (33), ^ 0, 
and since they are pairwise permutable, their product is also ^ O. Hence, we 
have in particular that 

( T{r, f/i , . . . , f/v) g{(f f/ ,) , ff(fjf I , . . . , (f ,)) ^ 0 


with 


Integrating with respect to each variable 9, from 0 to 2tt, and then letting r tend 
to 1, we have the result that the sum (41) is ^ 0. 

This proves inequality (40) for the case of a complex space. The case of a 
real space can be reduced to that of a complex space in the same way this was 
done in the proof of Theorem III. 

The principal theorem can then be applied. In order to obtain Theorem V, 
it only remains to observe that every representation (!/„} of the group r is of 
the form 

Pn=H[P-Y'' («-{«'''*)) 

(>€/«* 
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where is a system of permutable unitary transformations. This follows 
from the fact that n can be written in the form 

?€/■' 

where Cp denotes the vector all of whose components equal zero except the 
component with index />, which is equal to 1 ; all one has to do is set 


10. Proof of the Theorem on Normal Extensions 

Now let r be the following *-semi-group: its elements are the ordered 

pairs TT - {/,/} of non-negative integers; the semi-group operation is defined in 
it by 


/ 4 - yf' = 


' / /■ * 
I ^ y / 


I f \ 

\i,j 1 


* / -I i' i '■ / ' » 
yl— i -J r 


and the * operation by 


:/ 


f / i\* .. I / / 1 . 
I y / ■ ly » ^ I ’ 


then the “unit” element is 


{ 0 , 0 j. 


[D^] be a representation of P. Since the semi-group operation in P 
is commutative, the transformations D„ are normal and pairwise doubly per- 
mutable. If we set ■ 17 = ( 0 , 1 }, every n = {ij} can be written in the form 

and consequently we have 


where 



N D , . 

4 

Let rbe a bounded linear transformation in the space § which satisfies the 
conditions of Theorem VI: 


(42) 


r V. 
•v T 




(T'g.,, T'g.) ^ 0, 


X 


(43) 


NJ V 

O t^{) 


v: 


(T- 


- I 




c-'2’ r-) 


We shall show that the transformation 


^ / . ti 


(C > 0 ) 



considered as a function defined 
of the principal theorem. 


on the *-semi-group r, satisfies the conditions 
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It is first of all obvious that = I, T„. = T*. In order to prove that T 

IS a function of positive type, we choose any family {g„} of elements in almost 
all of which are equal to 0, and consider the sum 


where tt = {ij} and n’ 
that 



Jt 


X 


^n) 


{/ fj } run through the elements of r. It is easy to see 


where 


5 = 


V X" 




Z((Tr-'T-^'gn;g.) 

71 


V X 




{Thr, T‘h) 



In virtue of (42), it follows from this that ^ ^ 0 and therefore is a function 
of positive type. 

Repeating inequality (43) (/g + 70 ) times we obtain, in an analogous manner, 
that for fixed ttq = {/o.yo}, we have 




V2;(P7;,., 



Conditions (a) - (c) of the principal theorem are therefore satisfied, and 
then applying this theorem, it follows that, in an extension space H, there exists 
a bounded normal transformation IS (with|| A^|| ^ C) such that 


r'r-pr (/,y o, i,...), 

which is equivalent to T^N (see Sec. 5). If H is minimal in the sense that it is 
spanned by the elements IS*‘ Sl^fife^), it is also spanned by the elements 
IS*‘f, inasmuch as for fe^. 

This completes the proof of Theorem VI. 
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